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Almost periodically perturbed two-dimensional systems with rapidly changing phase and slowly varying coefficients are considered.
The conditions for the existence and stability of almost-periodic resonance solutions are investigated. Forced oscillations of a
mathematical pendulum acted upon by the sum of two small periodic forces with close frequencies are considered as an example.
Copyright © 1996 Elsevier Science Ltd.

The resonance modes of non-linear systems which contain fast and slow variables have been investigated
in many publications. A method of investigating the steady resonance modes in systems with rapidly
changing phases of a general type was proposed in [1]. A formalism of the method of averaging for
investigating resoniance modes in systems with slowly varying coefficients was developed in [2]. Periodic
perturbations of two-dimensional systems with rapidly changing phase and slowly varying coefficients
were studied in [3]. The conditions for the accurate and averaged equations to be close to one another
in a finite asymptotically long time interval were indicated.

1. Consider the following system of differential equations
x =gf(x,Q,¥,7T,8), @ =0(x,T)+Eg(X.Q, ¥, T,€) (1.1)
where
vy =Q(1), t=¢t
Here x(z), (), w(t) are scalar functions, T € (—ce, o) is the slow time, € € [0, &) is a small parameter,
and the dot denotes a derivative with respect to ¢. The functions f(x, ¢, y, 1, €), g(x, @, y, 1, €) are
sufficiently smooth with respect to the variablesx and ¢ in a certain region D of the x, @ plane, sufficiently
smooth with respect to the parameter € and almost-periodic functions with respect to each of the variables
v and 1 uniformly with respect to the remaining variables The function w(x, ) is sufficiently smooth

with respect to the variable x in a certain interval and an almost-periodic function with respect to 1
uniformly with respect to x. The almost-periodic function Q(t) is separated from zero

inf | Qo) 20 (1.2)

~ow T<Coo
We will call the almost-periodic function f{t) regular if
t
[ f)ds=1(f)+r@)
0

where (f) is the mean value of the almost-periodic function f(t) and r(f) is an almost-periodic function.
Henceforth we shall assume that Q(t) is a regular almost periodic function.

System (1.1) is a system with two slow variables x and 1 and two fast variables ¢ and y. We will
investigate the case of resonance: an almost-periodic function xy(t) exists such that

©(x(t), T) =0 (1.3)
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and the following conditions of non-degeneracy of the resonance holds

inf o, x@unl =0 (1.4)

—eagt
(fo f> - . . are the partial derivatives of the function f with respect to x).
2. We will investigate the behaviour of the solutions of system (1.1) in p = Ve—the neighbourhood
of the resonance point xy(T).
We put
X = xo(T) + Yz
and expand the right-hand side of the converted system in powers of u. We obtain
Z = Hf (%0, 9, ¥, T, 0) = X 1+ 12 £, (%0, 0, W, T, 0)z + O(*) @2.1)
¢ =N, (X, T)z +% w20, (xg,1)22 +12g(xg, 9, ¥, 7,0)+ O(n*)
System (2.1) contains only a single fast variable y. In system (2.1) we make a substitution, which is

standard for the averaging method, which enables us to get rid of the fast variable on the right-hand
side of (2.1) apart from terms of the order of 2. We will seek this substitution in the form

z=&+puy(n, ¥, V) + P, ¥, D (22)
9 =0+ LM v 1)

where u,(n, v, 1) (i = 1, 2), v,(n, ¥, 1) are defined as the almost-periodic functions in y with zero mean
from the equations

Q(T) %:’l = f(xo,ﬂr‘lf,"so)— fo(TI,T)

9(1)% =f,(xo,n,w,t,o)—%w,(xo,t)—f,(n,t)

Q(7) % = g(xp, N, ¥, T,0) - 0, (xg, Tty — go (M, T)

where the functions fy(n, 1), fi(1, 1), go(Nn, T) are the mean values with respect to y of the functions f(x,,
n V¥, T, 0), filxe, M, W, T, 0), g(xg, M, W, T, 0), respectively, and these three functions are regular almost
periodic functions of y. The substitution (2.2) gives a system which, in a time 7, is singularly perturbed

d dx,
H ;i%=ﬁ;(n,t)——d—f+ufl(n,t)§+0(u2)

dn | (2.3)
o =020, DE+ g (M D+ HW ., (X0, TIE? +O(u?)
Suppose an almost periodic function @y(t) exists such that
Jolpo(T), T) = dxy/dt (2.4)

Then the degenerate system (2.3) (1 = 0) has the solution

£=0, m=gqy0) (2.5)
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Linearizing the right-hand side of the degenerate system on the solution (2.5), we obtain the matrix

Jon(9o(T),7)
o, (xy,T) 0

A(T)=

We will assume that the almost;periodic function
m(T) = O(xp, Ton(Pe(T), T)
is sign-constant. Suppose initially (6, = const) that
m(1)>060>0, TE (—o0,00) (2.6)

Then the matrix Ay(t) for all T has real eigenvalues of different signs. In this case, as we know [4],
in the system

d
b o = Aot 2.7)

for sufficiently small p, the space of solutions U(p) can be represented in the form
v =0, + U

For the solutions .. (t, W) € U, (i) the inequality | u..(t, b) | < M exp[—y.u ! x (T - )} fus(s, p) |
(— < § < T < oo} is satisfied, while for the solutions u_(t, p) € U_(n) the inequality | u_(t, p) | <
M_exp[—y_pu (v —5)] lu_(s, 1) &(—oo < T < s < o) is satisfied. Here M, M_, y,,v_ are positive constants
and | - | is a certain norm in R“.

It follows from the limits of the solutions of system (2.7) that the solution of this system is unstable
for sufficiently small p if the space X_(u) of the initial conditions of the solutions from U_() is non-trivial.

We will denote by B the Banach space of the almost-periodic functions with values in R? with the
usual norm. It follows from the above discussion that the differential operator

L(Wu = dufdt — ™ Ag(t)u
is continuously invertible in B for sufficiently small p and, consequently, the inhomogeneous system
Hu' =Ag(Du+ f(1), f(t)eB (2.8)

has a unique almost-periodic solution

u(t,u)=L"(u)f(1:)=ﬁ- [ K(t,5,0)f(s5)ds

-—o0

where
| K(t,s,p)] S Mexp[-yp™!l 1—s|] (o< t,5<00) (2.9)

while M and vy are positive constants.
We substitute v = 1(t) — @o(t) into system (2.3) and write the system obtained in vector form

pw = Ag(Dw+F(w,y,T.0) (w=(Ev)) (2.10)
The following inequality is obviously satisfied

|FO, v, T, W) | < o) (2.11)

where (i) — 0 as u — 0. Further, in view of the smoothness of the vector function F(w, y, T, i) with
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respect to w the following inequality holds

| FQwy, v, 1. 0) = Fwy, W, 1, )] < 0,(p, )] wy = wy (2.12)

where | wy |, | wy | < p, where ay(p, p) > 0asp -0, u > 0.
The problem of the almost-periodic solution of system (2.10) is equivalent to the problem of the
solvability of the following operator equation in space B

w(t,p) =T(w,p)= -El- T K(t,s,0)F(w,s,u)ds (2.13)

It follows from inequalities (2.9), (2.11) and (2.12) that numbers a, and 1, exist such that when 0 <
B < W, the operator II(w, p) on the sphere || w || < ag of the space B satisfies the conditions of the
principle of contractive mappings, where, when p — 0, the numbers ay(i) — 0. Hence, the operator
equation (2.13) has a unique solution || w(, u) in the sphere w || < ay which approaches (0, 0) uniformly
with respect to T as p — 0. From inequality (2.6) and the theorem on stability with respect to the first
approximation we obtain approximately that for sufficiently small p the almost-periodic solution w(r,
1) of system (2.10) is unstable.

We will formulate the result obtained as it applies to system (1.1).

Theorem 1. Suppose an almost-periodic function x(t) exists, which satisfies equality (1.3) and inequality
(1.4). Suppose the regular almost-periodic function Q(t) satisfies inequality (1.2). Suppose f(xo, 9, W,
T, W) is the regular almost-periodic function y and an almost-periodic function @g(t) exists which satisfies
Eq. (2.4), and inequality (2.6) is satisfied. Then in the Ve-neighbourhood of the resonance point xo(t)
a solution of system (1.1) exists which is almost-periodic with respect to ¢ for sufficiently small € and is
unstable.

3. We will first assume that instead of inequality (2.6) the following inequality is satisfied

mt) <0, <0, Te€ (~oo,00), (0 =const) 3.1)

In this case the eigenvalues of the matrix A¢(t) are pure imaginary for all 1.
We will write system (2.3) in the time ¢

. dx
§=u [fo(n,t)—d—:]wzf. (M DE+0M")
32
N =po, (%, O+ uzgo(n,t)+% nl ., (x. DE? +O(n) ¢2)

In system (3.2) we make the substitution
& = pu() + MG (1) + Wus (¥, T)
N= Qg (1)+Hv (1) +u% (1)

where the almost-periodic function @q(71) is the solution of Eq. (2.4) while the almost-periodic functions
Eo(7) and vy(T) are the solutions of the equations

-dd'%o- =0, (X9, 1) (T) + 8o (Po (7). 1)
d

go = fon((p01 T)’O(T)*— fi((po,t)§0 +< fx(XOv‘POsw’tsO)u] ((Po:\v, T) )+
dt

+ ( f(p(xo-‘Po,W,T,o)/z(‘Po,‘l’,‘t) )+( fc(-xO!(P()sw,T,O) )
respectively. These equations are solvable by virtue of inequalities (1.4) and (2.6). The function u3(y, 1)
is found from an equation which is similar to the equations defining the functions u;(m, v, ) (¢ = 1, 2).
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(The formalism of substitutions of this kind is described in detail in [3].) As a result we obtain the
following system of equations

w = pa(ty +pb(nu+e(tw >+ 0u)

(3.3)
v = pe(tu+pld(ty +om?)
where
a(t) = foq (9. 7). b(V)=f; (95,7), (1) =, (x),7)
A0 = 86(@0.D. e(D=3 fomn(®0:D)
In the new notation, condition (3.1) takes the form
m(t) =a(t)c(1) < -0, <0, TeE (~o0, ) (34)

while the eigenvalues of the matrix pAy(t) are defined by the formulae
AMa(Tu)= :!:iu[—m(T)]y2

We will reduce system (3.3) to “standard form”, i.e. to a form in which the matrix of the first
approximation is zero, using the substitutions

u=Acosy+ Bsiny+ p.L[—m(1:)]yz n(T)(Bcosy — Asiny) 3.5)
v =8(T)(Bcosy — Asiny)

where

%

1 &(1) c(T)

- — ——— 6 = — ——
n(t) 2[b(‘t)+d(‘t) 8(1)]’ (V) [ a(‘t‘)]

l 1
Xt == [ [-m(s)/%ds
Ho
where we have assumed that [- m(t)]"? is a regular almost-periodic function. Substitution (3.5) converts
system (3.3) to the following system
A =p2n(1)A+p20 (A, B,x, 1)+ O(") (3.6)
B =p*n(t)B+p2d,(A,B,x, 1)+ 0u*)
Here ®,(A4, B, %, T), ©(A4, B, ¥, 1) are functions, periodic in , with period 2zx, which contain terms not

lower than quadratic in 4 and B.
Obviously, the differential operator

Lz=dzjdt-M(t)z (M(t)=n (DE)

where E is the idertity matrix, is continuously invertible in the space B if the mean value of the almost-
periodic function #(t) is non-zero and, consequently, the mean of the almost-periodic function 6(t) =
b(t) + d(t) is non-zero, and the zeroth solution of the system Lz = 0 is asymptotically stable if 20(1)}
< 0 and unstable if (6(t)) > 0. In this case the system

dzfdt=M(1)z +f(t), f(t)e B

has the unique almost-periodic solution



396 V. Sh. Burd
21 = | G(t.s)f(s)ds

where

| G(r,9)| < Mexp[-ylt-sl] (=0<T,5<0), M,y>0

Writing system (3.6) in vector form (z = (4, B), ® = (®,, ®,)) in time T, we obtain that the problem
of the almost periodic solution of system (3.6) is equivalent to the problem of the solvability in space
B of the operator equation

AV = | Gr,9)[®(z.5,%)+O(W)ds 37)

Further, as in the case of Theorem 1, it can be shown that for sufficiently small p, the operator defined
by the right-hand side of Eq. (3.7) satisfies the conditions of the principle of contractive mappings in
a certain sphere || z || < a, of the space B, where a; — 0 as p — 0. Hence, Eq. (3.7) has a unique solution
in this sphere and, consequently, system (3.6), for sufficiently small u, has a unique almost periodic
solution close to (0, 0). The problem of the stability of the almost-periodic solution can be set up using
theorems on stability in the first approximation.

We will formulate the assertion obtained as it applies to system (1.1).

Theorem 2. Suppose the almost-periodic functions xy(t), Q(t) and @y(t) satisfy the conditions of
Theorem 1. Suppose inequality (3.4) is satisfied and the functions f(xg, @, ¥, T, 0), fi(x¢, g, W, T, 0),

80 9o, W, T, 0), ko, @0, ¥, T, (90, W, ), folxo, 9o, ¥ T, 0)02(o, ¥, ), feo, 90r ¥, T, 0), Uan(o, W,
1), U1(Pp, W, T) are regular almost-periodic functions of v, and a[-m(t)]'* is a regular almost perlodlc

function of 1. Suppose, finally, that the mean value of the almost-periodic function a(t) + d(t) is non-
Zero.

Then, system (1.1) in the e-neighbourhood of the resonance point xy(t) for sufficiently small € has
Zl un§que solution, almost periodic in ¢, which is asymptotically stable if (6(t)) < 0 and unstable if
o(1)) > 0. ‘

4. We will consider some examples. The equation
x" +Q%sinx =[x +a, sinet +a, sin(0 +€An] 4.1

describes forced oscillations and rotations of a mathematical pendulum acted upon by the sum of two small periodic
forces with close frequencies. Here € is a small parameter and Q? , Y, a1, Az, ®, A are real positive constants. The
function

f(£,7) = a; sin®t +a; sin(o¢ + €Ar)
which is periodic in ¢ with period 2/ and periodic in T = gf with period 2n/A, can be written in the form

£(t,7) = E(T)sin(et +3(1)) 4.2)
a; sin AT

E(t)=(a? +2 cos AT +a? %,t 8(1)=
(¥)=ai G 2) g(v) a; +a; CosAT

The function E(7) is strictly positive is a; # a,, which will also be assumed.
Suppose the perturbed pendulum undergoes oscillatory motion. We will introduce the action-angle variables (7,
0) into the unperturbed system and we will change from Eq. (4.1) to a system given by the formulae

X = 2arcsinksn[21t"K(k)6] = X(1,0) 4.3)
x = 2chn[21t'lK(k)6]= Y(1,0)

which contains elliptic Jacobi functions and the complete elliptic integral of the first kind.
The function & = k(J) is defined by the equation

1=8r"'QIE(k)-(1-k*)K(K)),
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where E(k) is the complete elliptic integral of the second kind. Note that for fixed k and 8 = nCu/(2K(k)) the first
of formulae (4.3) is & solution of the equation of the unperturbed pendulum in the oscillatory case.
As a result of substitution (4.3) we obtain the following system

I'=€e[f(1,1)-YY(1,0)1Xy(1,6) 44

__TQ

= —e[f(1,7)-YY(1,8)] X, (1.8
K0 el f(1,7)-YY(1,0)] X,(1,6)

We will say that resonance occurs in system (4.4) if

nQ r
—_ =L 4.5
2K(k(I)) s © (43)

where r and s are relatively prime integers. We will denote the solution of Eq. (4.5), if it exists, by I,,. Putting 6 =
© + (r/s)ot, system (4.4) takes the form

I =e[f(z,1)—y)’(l,(p+£w:)] Xe(l.(p+§wt) (4.6)
. M r r r
¢ --Z—E(T)—;m-—[f(t.'c)—y}'(l.(w;mt)] X,(1,<p+:(m)

Consequently, I, is a point of resonance, in the sense indicated at the beginning of this paper, but I ; is independent
of t.

We will use Theorems 1 and 2 to investigate the resonance modes. The calculation of the mean values with respect
to ¢ of the terms on the right-hand side of system (4.6) is based on expansion of the elliptic functions in Fourier
series. The mean value with respect to ¢ of the first term on the right-hand side of the first equation of system (4.6)
is only non-zerowhenr =sands = 22+1(n = 0,1,...). Whenr = 1 and s = 2n+1 this mean value is

7o(90)= 2 ED)ay (@)sinl8(1) - 21+ 1))

n+ Y4 Xk
a"(q)=ﬁ2n_+" q=exp(-%} ki=1-k?

The mean value of the second term on the right-hand side of the first equation of system (4.6) is equal to vI.
Hence, the function ¢y(t) is found from the equation

291,

sin[8(7)-(2n+1)o]= E(Ma,(q)

= A(1) 4.7

Since a,(q) — 0 as n — o, Eq. (4.7) can only have a solution for a finite number of values of n. If Eq. (4.7) is
solvable, we have

81) (=1 arcsinA(r) _In

, I=0,1,..4n+1
2n+1 2n+1 2n+1

Poi(T)=

Calculating the derivative function fy(¢, T) at the point @y(T) we obtain
i1 2,14
fop (9o, V) =a(1)= (=D 3 E(t)2n+)a, ()} -A°(D)]

and, consequently, the function a(t) is positive when / is odd and negative when ! is even. Further, a simple calculation
shows that ¢(t) < 0 for all T and b(7) + d(1) = -v.

The following result is obtained from Theorems 1 and 2. If the resonance point Iy, 5, 11 corresponds to the solution
of Eq. (4.5), then for sufficiently small € Eq. (4.1) has 2n+1 unstable resonance solutions, almost-periodic in ¢, in
the e-neighbourhood of the resonance point, and 27+ 1 asymptotically stable resonance solutions, almost-periodic
in ¢, in the e-neighbourhood of the resonance point. When & = 0 those solutions become periodic solutions of the
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unperturbed equation, defined by the formulae

o In

t+ (I=0,..,4n+1)
2n+1 2n+1

l=10, 9=

Note that the results do not change if we assume that y = y(1) is an almost periodic function of 1 with positive
mean value.

Similar results are also obtained in the case of the rotational motions of an unperturbed pendulum, where the
resonance points are found from the equation

nQ
=—©
kKk) n

In the same way one can investigate the more general pendulum equation
x" +Q2(t)sinx = e[Y(T)x +E(T)sin(v+38(1))] (4.8)

Here Q(7) is the regular almost periodic function which satisfies condition (1.2), E(t) and &(t) are defined by (4.2),
dv/dt = (1), o(z) is the regular almost-periodic function, which is separate from zero, and y(t) is the almost periodic
function with positive mean value.

We will consider solutions of the equation

 +Q%(R)sinx =0

inside a certain subregion of the oscillatory motions for all T, where the boundary of this subregion is independent
of T. We will change from Eq. (4.8) to a system using substitution (4.3). The resonance points I,;(t) are found from
the equation

XD __ 70
2Kk, (1) s

where r and s are mutually prime integers. Making the substitution 8 = @ + (r/s)v in the corresponding system and
calculating the mean values of the right-hand sides with respect to v, we obtain that the function fy(e, t) can only
be non-zero whenr = 1,5 = 2n + 1. The equation for determining @y(t) takes the form

2dl, (1)1 dt)y+2y(0) 1, (T)
E(t)a,(q)

sin(8(t)-(2n+ 1)) =

A calculation of the coefficients a(t), b(1), c(t) and d(7) gives the same results as in the previous case. Hence,
we can make assertions for Eq. (4.8) similar to those obtained for Eq. (4.1).

The above scheme can also be used to investigate resonance modes of a pendulum, the point of suspension of
which oscillates along the vertical or horizontal axis as given by

£ =eE(T)sin(v +3(1)), dv/dt=w(T)
where E(1), 8(t), ©(1) are periodic or almost-periodic functions.
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